We have developed a coupled-mode analysis framework for superconducting travelling-wave parametric amplifiers using the full Telegrapher's equations to incorporate loss-related behaviour. Our model provides an explanation of previous experimental observations regarding loss in amplifiers, advantages of concatenating amplifiers to achieve high gains, and signal gain saturation. This work can be used to guide the design of amplifiers in terms of the choice of material systems, transmission line geometry, operating conditions, and pump strength.
I. INTRODUCTION
Recent decades have seen rapid developments in the fields of superconducting quantum information processing and cryogenic photon detectors [1, 2] . Integral to reading out the thin-film superconducting devices are high gain, broad-band, low-noise amplifiers. In many cases, these amplifiers are based on High Electron Mobility Transistors (HEMTs), but this imposes restrictions on the sensitivities of readout systems at several times the Standard Quantum Limit [3, 4] . Now, however, superconducting amplifiers are being studied as alternatives to transistor-based amplifiers, with the aim of achieving the quantum limit, and indeed pushing below the quantum limit using quadrature squeezing techniques. Josephson junction amplifiers have demonstrated quantum-limited noise performance, and have been integrated into various qubit and optomechanics systems [5, 6] , but they tend to be designed around resonant structures, and therefore have narrow bandwidths, of the order of a few megahertz [7] . In addition, as these devices typically have low saturation powers [8] , they are unsuitable for applications such Kinetic Inductance Detector (KID) readout [9] . Applications that require large bandwidths, such as qubit and detector readout and multiplexing [3] , have motivated experimental demonstrations of superconducting travelling-wave parametric amplifiers (TWPAs) which can have bandwidths of the order of a few gigahertz [3, [9] [10] [11] . In this case, the intrinsic nonlinearity associated with the inductance of a thin-film superconducting transmission line acts as a non-linear medium, which under the appropriate conditions can lead to low-noise amplification.
Current analyses of TWPAs are based on the lossless Telegrapher's equations, which model signal propagation along a 1-dimensional transmission line as a pair of first-order differential equations [12] [13] [14] . The solutions to the non-linear problem are then found by using either a coupled-mode solver, or a finite-difference-time-domain (FDTD) solver. Currently, coupled-mode solvers assume that the pump amplitude is not attenuated by the mixing process [3, 12] , which leads to predictions that the signal gain increases monotonically with amplifier length and is independent of the input signal amplitude. Existing FDTD solvers are computationally intensive [12, 13] , and the purely numerical approach means the results can be hard to understand intuitively.
The current body of literature on experimental realizations of TWPAs has drawn attention to a number of considerations that are yet to be described by existing analysis frameworks: The first is the effect of loss along the amplifier transmission line [3, 13] . The second is the saturation of the gain at high signal-to-pump ratios [3] . The third is the potential trade-off between a single longlength TWPA and concatenated multiple short-length TWPAs [11] .
In this study, we extend the analysis of TWPAs by using the full Telegrapher's equations, which include ohmic and dielectric loss, and thereby incorporate travellingwave attenuation as well as parametric gain in our analysis. Further, we extend the coupled-mode solver to include higher-order mixing terms, enabling the analysis of TWPAs at high signal-to-pump ratios. We show that by including these extensions, our analysis framework is able to model practical considerations, such as loss, saturation, and optimum amplifier length. Moreover, this is done in a way that leads to conceptual insights that can guide the design of amplifiers when considering matters such as choice of superconducting material, operating temperature, and what line length and impedance to use.
II. ANALYSIS FRAMEWORK
The full Telegrapher's equations are used to model lossy transmission lines. The transmission line is described by an infinite series of differential elements of length dz. The pair of coupled differential equations are [15] where V is the potential difference along the line, and I is the current along the line. L, C, R, and G are the inductance, capacitance, resistance, and conductance per unit length, respectively, and z and t are the position and time coordinates. The operation of a TWPA relies on the non-linearity of the kinetic inductance of superconductors to achieve wave mixing, and to allow energy transfer from the pump frequency to the signal frequency. The non-linear kinetic inductance is approximated by a quadratic expansion [3, 16] , and is introduced into the Telegrapher's equations by the substitution
where I * is the scale of non-linearity. Once this has been done, the equations are non-linear, but can be linearised through certain approximations. I * is used to characterise the current at which the non-linear inductance becomes significant.
A. Coupled-Mode Description
Under the coupled-mode description, we express the current I as a sum of all existing current modes
where ω α is the frequency of the current mode, γ α is the complex propagation constant in the absence of inductive non-linearity, and A α (z) is the position varying amplitude coefficient of the current mode. Here the exponential term contains the propagation behaviour of a linear lossy transmission line, and the A α (z) term contains the effect of the non-linearity. Under the coupled-mode description, the slowlyvarying-envelope-approximation (SVEA) [12, 17] is applied to give
Then, by approximating G ω α C for all ω α of interest, the Telegrapher's equations can be expanded to obtain
where the summation is applied over all frequency combinations that satisfy ω i + ω j + ω k = ω α . When expanded, equation (8) gives a set of coupled differential equations that needs to be solved to give A α (z).
B. Impedance Loading
Dispersion engineering in the form of periodic impedance loading is important to the operation of TWPAs [3, 10, 12, 13] . Impedance perturbations are introduced periodically along the transmission line (an example is shown in figure 1 ) to create stop bands at higher pump harmonics, thereby reducing power loss due to shock formation [18, 19] . The calculation of γ α requires more care due to the presence of these periodic impedance loadings. Here we apply Floquet analysis [20] and divide the TWPA into identical periodic sections, as shown in figure 1 .
Schematic diagram of a single periodic section of a travelling-wave parametric amplifier. Here Z line is the impedance of the transmission line section without periodic loading, Z load is the impedance of the transmission line section with periodic loading, Lper is the length of periodic loading to achieve stopband at the third harmonic of the pump frequency fpump, Ls is the length of each loading element, and L l is the length of every third loading element.
The potential difference and current before the n'th section are denoted by V n and I n . Floquet analysis gives
where the matrix is the overall transfer matrix of the periodic section, l is the total length of the periodic section, and γ α is the resultant propagation constant for the α-frequency mode. For the periodic structure shown in figure 1 , l = 3L per . The transfer matrix can be computed by concatenating different components within each periodic section:
where l i is the length of the i-th component, Z i is the characteristic impedance of the i-th component, and γ α,u is the propagation constant in the absence of periodic loading or non-linearity, and is given by
C. Extended Coupled-Mode Solver
Previous coupled-mode solvers [12] assume that the signal A s and idler A i modes are much weaker in magnitude than the pump mode A p , and that the pump amplitude |A p | is constant along the transmission line. These assumptions need to be relaxed in order to analyse gain saturation. Here we only assume that all three primary modes (pump, signal, and idler) are significant and much higher in amplitude than the other harmonic modes, and that the pump amplitude is altered via coupling with signal and idler.
Applying the above approximations, the following system of differential equations can be obtained from equation (8):
where K = L 0 C/(8I 2 * ). The coefficients are determined by substituting equations (4-6) into equation (8) , and are given by
where
Here we have taken the idler frequency to be ω i = ω s − 2ω p . The above system of coupled differential equations can be solved using a standard numerical package. In this study, solutions were obtained using the ODE45 algorithm of MATLAB. It is straightforward, if a little tedious, to incorporate higher harmonics into the above analysis scheme. We have not done so here because they do not produce significant qualitative differences, as shown in previous studies [12] .
III. SIMULATIONS
Values for L, R, C, and G can be supplied by transmission-line theories such as [21] for microstrip lines (MTL) or co-planar waveguides (CPW).
The series inductance L 0 and series resistance R for a superconducting transmission line were calculated using the following routine:
1. Compute the complex conductivity σ = σ 1 − jσ 2 using [22, 23] .
2. Compute the complex surface impedance Z s using [22] -see Appendix regarding nuances in this calculation.
3. Using transmission line theory [21] , calculate the series impedance Z from Z s .
4. The series inductance is given by L 0 = Im(Z)/ω, and the series resistance is given by R = Re(Z).
The shunt capacitance C and shunt conductance G were calculated using the following routine:
1. Use tabulated data of tan(δ) to obtain the complex dielectric constant
where tan(δ) is the loss tangent of the dielectric material [24] .
2. Using transmission line theory [21] , calculate the shunt admittance Y from f m .
3. The shunt capacitance is given by C = Im(Y )/ω, and the shunt conductance is given by G = Re(Y ).
In the work reported here, we simulated a co-planar waveguide based on titanium nitride (TiN) with L 0 and C as described in table I. Values of TiN properties were obtained from [3, 25] . Table I details the values of the demonstrative physical parameters used to compute the results in section IV:
The range of tan δ explored in this study is from 1 × 10 −5 to 1 × 10 −3 . The range is chosen to reflect experimentally measured dielectric loss for various commonly used dielectric materials [24] at low temperatures.
IV. RESULTS
The behaviour of the output pump and signal current amplitude |I| against length of the amplifier L is shown in figure 2 for loss tangent tan δ = 5×10 −4 , signal frequency f = 9 GHz. For short amplifiers, the energy transfer from the pump to the signal is relatively insignificant, and the signal increases with length similar to the predictions of previous studies [12] . For long amplifiers, the pump current mode is depleted both by energy transfer to the signal mode, as well as by loss in the transmission line. As a result, signal amplification cannot occur further and both the pump mode and the signal mode decay with length according to a linear lossy transmission line. A signal amplitude maximum can be found in between the two regimes. The behaviour of the signal current mode gain as a function of signal frequency is shown in figure 3 for an amplifier length of L = 1 m, and for loss tangents from tan δ = 1 × 10 −4 (blue line) to tan δ = 1 × 10 −3 (black line). The gain was calculated using
where |I s,0 | is the input signal mode amplitude, and |I s,L | is the output signal mode amplitude. Figure 3 is qualitatively similar to the experimentally measured gain profile as shown in figure 3 of [3] . We observe that as the loss tangent is decreased, the gain at frequencies close to the pump increases. The bandwidth at half-maximum gain decreases with decreased loss tangent. Similar effects can be obtained using a lossless TWPA model by increasing the input pump amplitude |I p,0 |. This is an intuitive result, which states that the effect of decreasing the loss tangent is similar to that of increasing the effective pump amplitude. The behaviour of the signal mode gain G s as a function of input signal amplitude |I s,0 | is shown in figure 4 for loss tangent values from tan δ = 1 × 10 −4 (blue line) to tan δ = 1 × 10 −3 (black line), and in figure 5 for signal frequencies from f = 9 GHz (blue line) to f = 5 GHz (black line). Figure 5 is qualitatively similar to the experimentally observed gain saturation behaviour as shown in figure S5 of [3] . Significant gain saturation occurs as the amplitude of the input signal is increased above some threshold. In fact, saturation occurs when the mixing modes that transfer energy out of the signal mode become significant compared with mixing modes that transfer energy from the pump mode to the signal mode. The rate of saturation is different for different frequencies and loss tangents.
Here we characterise gain saturation through the compression point, which is defined as the input signal amplitude |I sat | at which the signal gain decreases by 1dB with respect to the maximum. Figure 6 shows |I sat | against input pump amplitude |I p,0 | for an amplifier length of L = 1 m, signal frequency f = 9 GHz, and tan δ = 5×10 −4 . As shown, |I sat | decreases with increasing |I p,0 |. Naively, one might expect |I sat | to increase with |I p,0 | as the input signal-to-pump ratio decreases. However, the scale of current is set by I * which remains constant. Further, higher |I p,0 | results in higher maximum gain, and hence the value of the gain that satisfies a 1dB compression is also higher. This result suggests a potential design trade-off between the signal gain (which increases with strong pump) and the saturation signal amplitude (which decreases with strong pump) when a strong pump is used. Figure 7 shows the length of an amplifier L op for which maximum gain occurs, against loss tangent tan δ. Figure 8 shows the optimum gain G op (the value of gain maximum) against loss tangent tan δ. When tan δ is small (tan δ < 10 −4 ), gain maximum occurs when the amplitude of the amplified signal becomes comparable to that of the pump. In this regime greater values of L op are obtained for greater values of tan δ, and G op is approximately constant. When tan δ is big (tan δ > 5 × 10 −4 ), gain maximum occurs when energy transfer from the pump is equal to the energy loss to the lossy transmission line. In this regime smaller values of L op and G op are obtained for greater values of tan δ. Knowing the optimum length and optimum gain is important when designing TWPAs. A length greater than the optimum should not be used to avoid the significant onset of transmission line loss, which is also likely to be associated with noise. If a gain greater than the optimum is needed, this should be achieved by concatenating multiple TWPAs: to regenerate the pump amplitude. This could be achieved on a chip, for example, by using periodic directional couplers to inject a new pump signal. As |I s,0 | decreases from |I s,0 | = 10 µA (black line) to |I s,0 | = 0.1 µA (blue line), when tan δ is small (tan δ < 10 −4 ), a greater amplifier length can be used before the signal amplitude becomes comparable to the pump amplitude. Hence L op increases when |I s,0 | decreases. When tan δ is big (tan δ > 5 × 10 −4 ), the signal amplitude does not become comparable to the pump amplitude regardless of the value of |I s,0 |. Hence the black, red, and blue lines in figure 7 and figure 8 converge at high tan δ. The red line of figure 9 shows output signal phase plotted as a function of the input signal phase. Within the analysis scheme, the amplifier is shown to be phase preserving. The blue line of figure 9 shows the output signal phase as a function of the input pump phase. Here we observe that the phase of the amplified signal is insensitive to the phase stability of the pump, which has important consequences for achieving amplifiers operating with the quantum noise limit. This result agrees with predictions from previous analysis in [12] . The output signal phase stability against the input pump phase can be understood by noting that the signal mixing modes involve both the pump mode and its conjugate, and the input pump phase is cancelled out. Figure 10 shows the output signal phase Φ o (blue, solid line) and gain G s (red, dashed line) against the input amplitude of signal current mode |I s,0 |. As seen, the change in the phase response is similar to the saturation in the amplitude response. Previous analyses (that do not account for gain saturation) have demonstrated log G s ∝ ∆Φ s [3, 10, 12] , where ∆Φ s is the difference between the output signal phase and the input signal phase. Figure 10 shows that this relation is retained in the presence of large-signal gain saturation and phase shift. With regards to applications, this result demonstrates that the signal phase and gain change at the same rate, and therefore the 1dB compression point metric can also be used for phase-sensitive applications, such as quantum nondemolition measurements [26] , qubit readout [27, 28] , and quantum information processing systems [29] [30] [31] , as well as phase-insensitive applications. 
V. DISCUSSION AND CONCLUSION
We have described a coupled-mode analysis of TWPAs that takes into account ohmic and dielectric loss in the transmission line system. It should be noted that even superconducting lines have ohmic loss at sufficiently high frequencies, and therefore this work has implications for understanding how high in frequency it should be possible to operate with a given material system. Our analysis does not assume that the pump mode is always much stronger than the signal and idler modes, and thus is able to replicate the gain saturation seen in TWPA experiments. Our model predicts the existence of a gain maximum against amplifier length. This puts a limit on the length, and therefore gain, of an optimum TWPA, indicating that higher gains should be achieved by concatenated designs that allow for pump regeneration. Our model also explains the onset of signal gain saturation in terms of energy loss of signal mode via frequency mixing. We have shown that the signal phase changes at a similar rate to the signal gain saturation as the amplitude of the signal is increased. Our model also predicts a tradeoff between gain and saturation signal amplitude when a
